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Abstract: Massive gravity exhibits a famous discontinuity in its 2-point linearized
amplitude for t-channel scattering of gravitational sources, in the m −→ 0 limit. In
essence, the source of this vDVZ discontinuity is in the failure of the zero-helicity
mode to decouple in this limit. In [1], we showed how this result could be
understood in the context of modern on-shell methods and, in particular, the BCFW
construction. In this article, we provide a similar on-shell perspective to the equally
interesting but lesser known discontinuity first discovered by Deser, Kay and Stelle
in massive supergravity.
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1 Introduction
Endowing the graviton with a small but nonzero mass is an appealing idea for many
reasons, the most significant of which is a credible explanation for the observed
late-time acceleration of the Universe without the need to invoke exotic forms of
matter and energy. However, since nothing in life is free, this approach is not without
its own pathologies. Among these are a ghost mode and a, less scary but perhaps
more famous, discontinuity in the 2-point function of the theory in the massless limit.
The former was resolved in the recent seminal work of de Rham et.al.[2] while the
latter boils down to a noncommutativity of limits. For this, there are two possibilities:
• turning off interactions does not necessarily commute with the massless limit.
In other words, in order to resolve the vDVZ discontinuity, it is necessary to
go beyond the linearised Fierz-Pauli action, leading to the famed Vainshtein
screening mechanism of [3], or
• the massless limit does not commute with the limit of vanishing cosmological
constant.
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Either case will break Birkhoff’s theorem resulting in a vDVZ-like discontinuity. To
clarify the situation surrounding this discontinuity, in [1] we attempted to re-phrase
the discontinuity in the language of scattering amplitudes, largely because these
modern on-shell methods are unencumbered by much of the baggage of the usual
Lagrangian formulation of the problem. Recently, there have been several advances
in our understanding of gravity by harnessing the on-shell scattering amplitudes
paradigm [4–21], including approaches based on the double copy [22–67] (see [68]
for a recent review), the classical double copy [14, 69–106] and those probing the
on-shell structure of massive gravity [107, 108]. In [1], we utilised this modern
approach to show how the vDVZ discontinuity manifests at the level of the scattering
amplitudes but did not go quite far enough in disambiguating between the two
sources above, mostly because computing massive on-shell amplitudes in gravity
at higher (than linear) order was beyond the scope of that article. At the same
time we were reminded that this massive to massless discontinuity of the spin-2
graviton is also shared by a spin-3
2
Rarita-Schwinger field coupled to a conserved
vector-spinor current jµ. This is not an unexpected result since, when the spin-3
2
field
is coupled to the current, the supermatter interactions resulting from single-fermion
interactions have precisely the form required by supersymmetry to complement
single-graviton exchange between stress tensor sources [109]. Demonstrating this
result using standard methods is a nontrivial exercise in supergravity manipulations
[110]. Furthermore, we are motivated by the fact that, while all evidence so
far suggest a massless graviton, the same is not true for the Rarita-Schwinger
field. First, we would expect to have observed the gravitino were it massless.
Secondly, various supersymmetry breaking mechanisms (such as the super-Higgs
effect, or gravitationally induced SUSY breaking) have been shown to endow the
Rarita-Schwinger particle with a non-zero mass [111–113].
In this article, we approach the spin-3
2
discontinuity from the point of view of on-shell
massive amplitudes following the analysis in [1]. There it was shown that such a
discontinuity can be observed in a purely on-shell manner by directly constructing
the massive scattering amplitudes of the theory, taking their massless limit and
comparing them with the constructed massless amplitudes. To be concrete, we
consider scattering amplitudes in N = 1 4D supergravity, whose gauge multiplet
consists entirely of a (spin-2) graviton and one Majorana (spin-3
2
) spinor gravitino.
This can be coupled to matter multiplets that preserve the supersymmetry,
specifically an N = 1 vector (1, 1
2
) multiplet consisting of a gauge-boson and
gaugino, and an N = 1 chiral (1
2
, 0) multiplet consisting of a spin-1
2
fermion and a
complex scalar.
Giving the graviton a non-zero mass, increases the (on-shell) degrees of freedom
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from two to five, introducing two vectors and one scalar. On the other hand, giving
the gravitino mass results in two additional fermionic modes, corresponding to four
on-shell degrees of freedom that are grouped by spin as {±3
2
,±1
2
}. In the case of the
massive spin-2 action, the vector modes completely decouple, while the scalar modes
couple to the trace of the matter stress energy tensor. In the massless limit then, any
coupled matter that has a trace-free stress energy sector won’t suffer a discontinuity,
while any matter stress energy tensor with a non-zero trace will suffer one. From
the on-shell scattering amplitude perspective, this same phenomena can be observed
by computing the scattering of scalars via a massive graviton and comparing the
massless limit of this amplitude with the same amplitude constructed from a massless
graviton. The supersymmetric analog of this statement is that the fermionic modes
of the gravitino couple to the Dirac gamma-trace of the current γµj
µ so in this case,
we compare to amplitudes with non-zero gamma-trace.
2 The Supersymmetric vDVZ Discontinuity
To begin, we should first clarify what is the analogue of the vDVZ discontinuity
in the supersymmetric context. Towards this end, we will utilise the Stu¨ckelberg
formalism, appropriately adapted. Consider then, the free massive Rarita-Schwinger
action
S = −
∫
d4x e
(
1
2
Ψ
α
µγ
µρν∂ρΨνα − m
2
Ψ
α
µγ
µνΨνα +Ψ
α
µj
µ
α
)
≡ −
∫
d4x e L, (2.1)
where α is a spinor index, µ, ν, ρ are Lorentz indices and e is, as usual, the determinant
of the frame field eaµ(x). Our γ-conventions read
γµρν ≡ iǫµσρνγ5γσ, γµν ≡ i
2
[γµ, γν ]. (2.2)
Without the mass term, this action is invariant under
Ψαµ −→ Ψαµ + ∂µχα, Ψαµ −→ Ψαµ + χα
←
∂µ, (2.3)
for some spinor χα. This symmetry is broken by the mass term but can be restored
if we introduce the supercovariant derivative
Dµ = ∂µ +
1
2
mγµ, (2.4)
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in terms of which the Lagrangian becomes
L = 1
2
Ψ
α
µγ
µρνDρΨνα +Ψ
α
µj
µ
α, (2.5)
after judicious use of the identity ǫµνρσγ5γν = 2γ
µγρσ. We can now introduce χ as a
(spinorial) Stu¨ckelberg field via the transformation1
Ψαµ −→ Ψαµ +
1√
3m
Dµχ
α. (2.6)
Under this transformation, the Lagrangian density varies as
δL = −
√
3m
2
(
/Ψ
α
χα + χ
α /Ψα
)
− χα(/∂ +m)χα + 1√
6
χα/jα . (2.7)
Subsequently, taking the massless limit does not lead to the original massless
Lagrangian since,
Lmassive
∣∣∣∣
m−→0
= Lmassless + 1√
6
χα/jα. (2.8)
It is this that we identify as the SUSY equivalent of the vDVZ discontinuity, since
any matter with a γ-traceless current will couple differently than matter with a
non-vanishing γ-trace.
As alluded to in the introduction, we wish to couple to two chiral multiplets: a
scalar multiplet (1
2
, 0) and a vector multiplet (1, 1
2
). The corresponding vector-spinor
currents are, by Noethers theorem,
jµα[Φ, ψ] = [iγ
ν∂ν(φ1 − iγ5φ2)−m(φ1 + iγ5φ2)] γµψα (2.9)
jµα[A, λ] = γ
ργνγµλαFρν , (2.10)
where Φ = φ1+iφ2 is a complex scalar, ψα a Majorana fermion (both with mass mΦ),
λα a massless photino and Fρν the Maxwell tensor for photon Aν . These are both
conserved, i.e. that ∂µj
µ
α[Φ, ψ] = ∂µj
µ
α[A, λ] = 0, however only one has a non-zero
Dirac trace, e.g.
/jα[Φ, ψ] 6= 0, /jα[A, λ] = 0. (2.11)
While this formulation is clearly off-shell, it will inform the on-shell investigation to
which we now turn.
1The factor of 1√
3m
ensures a canonical fermionic kinetic term.
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3 N = 1 Supersymmetric Discontinuity
Let’s start by thinking about the supermultiplets. To ensure that we preserve the
correct symmetries we have to let all the particles in the multiplet have the same
mass. To this end we will draw on the vector- and scalar-multiplet currents as they
are stated in the previous section. In the interest of self-containment, many of the
techniques and conventions used throughout this chapter will be set up in this first
section.
3.1 Bold Notation and the Stu¨ckelberg Decomposition
As described in [6], we can significantly reduce the notational overhead that comes
with incorporating SU(2) little group indices in favour of bold-facing the massive
particle spinors. Given our treatment of the action in section 2, it will be useful
to perform a similar analysis at the level of the on-shell three-particle amplitudes.
To this end, consider the coupling of a massless photon and massless fermion to a
massive gravitino. The associated amplitude is given by
M{IJK}3 [1−1/2, 2−1, 33/2] =
κ
m
〈13〉 〈23〉2 . (3.1)
Simply unbolding this expression does not yield the correct result, since taking the
massless limit tells us that the spin −3/2 mode of the gravitino diverges. Instead,
we need to write it in a form where we can unbold, i.e.
M{IJK}3 [1−1/2, 2−1, 33/2] =
κ
m2
〈1| p2|3]〈23〉2
= −κ〈12〉〈23〉
2[32]
〈23I〉[3I2]
.
(3.2)
Now, when we unbold, we find that the longitudinal spin 1/2 mode of the gravitino
is non-vanishing in the massless limit, since
M{IJK}3 [1−1/2, 2−1, 33/2]
∣∣∣∣
m−→0
= −κ
3
〈12〉 〈23〉 , (3.3)
and with the inclusion of the relevant symmetry factor. This is consistent with the
field theory treatment. On the other hand, we find that the 3/2 mode does indeed
survive, but for a different helicity choice of the fermion and photon
M{IJK}3 [1+1/2, 2−1, 33/2] = κ
〈23〉3
〈12〉 −→ κ
〈23〉3
〈12〉 . (3.4)
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This implies that the act of expanding three-paticle amplitudes into their various
helicity components is the on-shell avatar of the Stu¨ckelberg decomposition, reflecting
our result in section 2. This example manifests a subtlety in this approach; for the
‘unbolding’ of massive amplitudes to be physically meaningful, we will often have
to make sure that we have teased out as much of the explicit mass dependence as
possible, a point that will be important for what follows. Another, perhaps more
easily digested, example is the three-particle amplitude of a massive vector and two
massless scalars. This amplitude is treated in detail in [6] by making appropriate
choices for the massive spinor indices to reveal the underlying helicities in the massless
limit. The amplitude can be written in the generic form
A{IJ}[10, 20, 31] ∝ 〈3| p1p2 |3〉
m2
+
〈3| p1|3]
m
+
[3|p1p2|3]
m2
. (3.5)
Naively unbolding any of these terms to take the massless limit appears to be
divergent. However, using the fact that m2 = 〈12〉[12] it can be rewritten as
A{IJ}[10, 20, 31] ∝ 〈31〉〈23〉〈12〉 +m
〈31〉[13]
〈13I〉[3I1]
+
[31][23]
[12]
. (3.6)
Now that the mass factors in the denominators have been taken care of we can simply
unbold and retain the term with the appropriate helicity. The first term is clearly
the h3 = −1 helicity mode, the last term the h3 = +1 helicity mode and the scalar
mode vanishes in the massless limit as expected. We see that we can simply extract
the appropriate modes of the vector in the massless limit by finding the explicit mass
dependence of a general form of the amplitude and then simply unbolding.
3.2 Vector Mulitplet
We begin by computing the amplitudes involving an N = 1 massless vector multiplet
(1, 1
2
). This produces a three-particle vertex consisting of a gauge boson (a photon),
a fermion (the photino) and a gravitino interacting with a coupling κ. We’ll require
the propagating gravitino to be massive in order to study the effects of taking the
massless limit. The associated four-particle diagram is given by Fig. 1.
We need only construct the left hand three-particle amplitude for all the possible
helicity configurations. This is because the right hand three-particle amplitudes
can be obtained by complex conjugation of eqs. (3.7) and (3.8), and making the
replacements p1 −→ p3, p2 −→ p4. Throughout this article we will use the formalism
developed in Ref. [6], including bold notation to highlight when a spinor represents
a massive particle, suppressing the SU(2) little group indices unless required for
clarity. Using this formalism, we find that the possible three-particle amplitudes are
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p
±1/2
1
p−12 p
∓1/2
3
p+14
p3/2
Figure 1. Vector multiplet four-particle
M{JKL}3 [1+1/2, 2−1,p3/2] =
κ
m2
〈2p〉3[12] = κ〈2p〉
3
〈12〉 , (3.7)
M{JKL}3 [1−1/2, 2−1,p3/2] =
κ
m
〈1p〉〈2p〉2. (3.8)
From this it is now simple to compute the two possible four-particle amplitudes by
contracting the massive indices of the internal particle
M4[1+1/2, 2−1, 3−1/2, 4+1] =M{IJK}[1+1/2, 2−1,p3/2] 1
p2 +m2
M˜{IJK}[3−1/2, 4+1,−p3/2]
= − κ
2
t+m2
[14]
[34]
〈2| p1|4]2
=
[14]
[34]
M4[10, 2−1, 30, 4+1],
(3.9)
where M4[10, 2−1, 30, 4+1] is the massive graviton mediated scalar-photon amplitude
[1]. This explicitly shows that the supersymmetric Ward identity is satisfied, as
expected. This amplitude only has an explicit mass dependence in the propagator,
and we can therefore easily take the massless limit. We want to compare the massless
limit of the amplitude with the four-particle amplitude with an initially massless
gravitino, which must be constructed from the three-particle amplitude
M3[1+1/2, 2−1, p−3/2] = κ〈2p〉
3
〈12〉 . (3.10)
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Using this, we find that the massless four-particle amplitude is
M4[1+1/2, 2−1, 3−1/2, 4+1]
∣∣∣∣
m=0
=
∑
±
M3[1+1/2, 2−1, p±3/2] 1
p2
M3[3−1/2, 4+1,−p∓3/2]
= −κ
2
t
[14]
[34]
〈2| p1|4]2, (3.11)
in agreement with eq. (3.9). Explicitly,
M4[1+1/2, 2−1, 3−1/2, 4+1]
∣∣∣∣
m−→0
=M4[1+1/2, 2−1, 3−1/2, 4+1]
∣∣∣∣
m=0
. (3.12)
If our only concern was reproducing the field-theory result in section 2 we could well
stop at this point, noting that this is the only chiral amplitude possible for this field
configuration. However, we do not wish to be led by the field theory construction,
and so with no a priori reason to discard the other helicity possibility, we have include
it. To construct the non-chiral four-particle amplitude, notice that the three-particle
amplitude in eq.(3.8) is symmetric in two of its indices and, summing over the internal
SU(2) indices, allows us to write
M{JKL}3 M3{JKL} =
1
6
MJKL3 M3{JKL} =
1
3
MJKL3 (M3JKL +M3KJL +M3LKJ),
which in turn permits the four-particle amplitude to be written as
M4[1−1/2, 2−1, 3+1/2, 4+1] =M{IJK}3 [1−1/2, 2−1,p3/2]
1
p2 +m2
M˜3{IJK}(3+1/2, 4+1,−p3/2)
=
κ2
3m2(p2 +m2)
(〈1| p|3] 〈2| p|4]2 + 2 〈1| p|4] 〈2| p|3] 〈2| p|4])
= − κ
2
3(p2 +m2)
〈12〉[34] 〈2|p|4] +O(m2) ,
(3.13)
where, in the last line we have used the Schouten identity2. Now we can easily take
the massless limit to find
M4[1−1/2, 2−1, 3+1/2, 4+1]
∣∣∣∣
m−→0
= −κ
2
3t
〈12〉[34] 〈2| p|4]
=
1
3
M4[1−1/2, 2−1, 3+1/2, 4+1]
∣∣∣∣
m=0
(3.14)
2To see that the second piece of the amplitude is ∝ m4, multiply by [12]2/[12]2 and use
conservation of momentum.
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and where
M4[1−1/2, 2−1, 3+1/2, 4+1]
∣∣∣∣
m=0
=M3[1−1/2, 2−1, p+1/2]M3[3+1/2, 4+1,−p−1/2]/t .
From this it is clear that this helicity structure produces a contribution due to the
spin-1
2
mode of the gravitino but with an overall factor of a 1/3 when compared with
its massless counterpart.
3.3 Scalar Mulitplet
For the scalar multiplet, we need to consider a massive gravitino mediated interaction
of a massive fermion and a massive scalar. For simplicity, we will take the masses of
the latter two to be the same. The corresponding four-particle diagram is given in
Fig. 2.
p
1/2
1
p02 p
1/2
3
p04
p3/2
Figure 2. Scalar multiplet four-particle
Following Ref. [6] the all-massive three-particle amplitude can be constructed as
MI{JKL}3 [11/2, 20,p3/2] = g1〈1p〉〈pp〉
+ g2(〈1p〉 〈p| p1p |p〉+ 〈pp〉(〈1| p1p |p〉+ 〈p| p1p |1〉))
+ g3(〈1| p1p |p〉+ 〈p| p1p |1〉) 〈p| p1p |p〉),
(3.15)
where we have chosen to expand in a basis (Oab = p{ab˙1 pb}b˙ , ǫab) and the coupling
functions3 gi have an undetermined mass dependence that will be fixed shortly. To
simplify this, note that since the external SU(2) indices of the gravitino have to be
symmetrised, any term that has a factor 〈pIpJ〉 = mǫIJ (where IJ are free indices)
will vanish once symmetrised and can be ignored. Taking the external particle masses
3The ‘coupling functions’ are functions of particle mass and the gravitational coupling κ only,
with the mass dependence needing to be fixed by e.g. demanding the correct high-energy behaviour
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to be m1 and the internal gravitino to have mass m, reduces the above amplitude to
MI{JKL}3 (11/2, 20,p3/2) = m(−g2 + g3m2)〈1p〉 〈p| p1|p] + 2m2m1g3[1p] 〈p| p1|p].
(3.16)
In getting to this point we have made liberal use of the identities in appendix B.
In order to fix the coupling functions gi, we can compare these amplitudes with the
ones derived in limit where one particle becomes massless. Taking the external mass
to zero then, we find
MI{JKL}3 [11/2, 20,p3/2]
∣∣∣∣
m1−→0
=
{
κ
m
〈1p〉 〈p| p1|p], h1 = −1/2
κ
m
[1p] 〈p| p1|p], h1 = +1/2,
(3.17)
which implies that the following limits must hold
lim
m1−→0
m(−g2 + g3m2) = κ
m
, lim
m1−→0
2m2m1g3 =
κ
m
. (3.18)
Next, to isolate any m1 dependence, take m −→ 0 so that
MI{JKL}3 [11/2, 20,p3/2]
∣∣∣∣
m−→0
≃


κm1〈1p〉, hp = −1/2,
κ 〈1p〉〈p|p1|ξ]
[pξ]
, hp = −3/2,
κm1[1p], hp = +1/2,
κ [1p]〈ξ|p1|p]
〈ξp〉
, hp = +3/2
(3.19)
Now we can, for example, look at the −3/2 mode of the gravitino, choose ξ = η and
compare with the I = J = K = 1 amplitude,
MI{111}3 [11/2, 20,p3/2] = κ
〈1p〉 〈p| p1|η]
m
+O(m). (3.20)
Recognising that in the massless limitm −→ [pη], implies that the limits in eq. (3.18)
must hold. In other words, the amplitude has no explicit m1-dependence (although
it will have implicit dependence on m1 to recover e.g. the hp = ±1/2 amplitudes).
Putting this together then, the three-particle amplitude must take the form
MI{JKL}3
[
11/2, 20,p3/2
]
=
κ
m
(〈1p〉+ [1p]) 〈p| p1|p]. (3.21)
With the three-particle amplitude in hand, we can now construct the four-particle
amplitude. Given its lack of index symmetry however, the four-particle amplitude
will have six distinct tensor structures and is particularly unwieldy. We will spare
the reader the gory details. Suffice it to say that, with judicious use of the identities
– 10 –
in appendix B, it can be written as
MI1I34
[
11/2, 20, 31/2, 40
]
=
κ2
6tm2
(〈1| p|3]− 〈3| p|1])(−6m2(2p1 · p3) + 2(2p · p1)2
+ 4m2m21)− 4mm21(〈1| p|3] + 〈3| p|1])(2p · p1) (3.22)
+ 4m(〈13〉+ [13])(2p · p1)2) +O(m).
Now, using the fact that 2p · p1 = −2p · p3 = −m2, we take the massless limit to get,
MI1I34
[
11/2, 20, 31/2, 40
] ∣∣∣∣
m−→0
= −κ
2
t
(〈1| p|3]− 〈3| p|1])(2p1 · p3 − 2
3
(m21)) . (3.23)
This in turn needs to be compared to the four-particle amplitude with a massless
gravitino exchange,
M3/24 I1I3 [11/2, 20, 31/2, 40]
∣∣∣∣
m=0
=
∑
±3/2
MI1{JKL}3 (11/2, 20, p±3/2)
1
t
MI33 {JKL}(31/2, 40,−p∓3/2)
=
κ2
t
(〈1| p|3]〈ζ | p3pp1|ξ]〈ζ | p|ξ] − C.C.), (3.24)
where ζ and ξ are reference spinors. To facilitate this comparison, we choose ζ =
ξ and utilise conservation of momentum and the Schouten identity to write the
amplitude as
M3/24 I1I3[11/2, 20, 31/2, 40]
∣∣∣∣
m=0
= −κ
2
t
(〈1| p|3]− 〈3| p|1])(2p1 · p3) . (3.25)
To make a concrete comparison of (3.23) with its massless propagator counterparts we
also need to compute the four particle amplitude with a massless fermion exchange.
Using the three particle amplitudes given in [6] this is straightforwardly computed
as
M1/24 I1I3 [11/2, 20, 31/2, 40]
∣∣∣∣
m=0
=
∑
±1/2
MI1{JKL}3 (11/2, 20, p±1/2)
1
t
MI33 {JKL}(31/2, 40,−p∓1/2)
=
κ2
t
(〈1| p|3]− 〈3| p|1])(m21). (3.26)
We are now in a position to write the amplitude (3.23) in terms of its massless
counterparts (3.25) and (3.26) as
MI1I34 [11/2, 20, 31/2, 40]
∣∣∣∣
m−→0
=M3/24 I1I3 [11/2, 20, 31/2, 40]
∣∣∣∣
m=0
+
2
3
M1/24 I1I3 [11/2, 20, 31/2, 40]
∣∣∣∣
m=0
.
(3.27)
From this expression, it is evident that a discontinuity should be expected in
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the scalar sector, in precisely the same form as from the field theory analysis.
Furthermore, taking the external particle masses to zero and making a specific
helicity choice shows that the four-particle amplitude satisfies the expected Ward
identity
M4[1−1/2, 20, 3+1/2, 40] = 〈12〉〈32〉M4[1
0, 20, 30, 40], (3.28)
where M4[10, 20, 30, 40] is the massless limit of eq. 3.18 in Ref [1].
4 Supersymmetry Breaking and the Discontinuity
An interesting question that arises from our analysis above is whether this
discontinuity persists below the supersymmetry breaking scale. Indeed, from the
field theory perspective, none of the arguments for the existence of the discontinuity
depend in any substantial way on whether the supersymmetry is broken or not, just
that a massive spin-3
2
propagator couples to a current with j · γ = 0 which is then
compared to one for which j ·γ 6= 0. Our on-shell analysis however provides a simple
test of this hypothesis by considering multiplets with distinct masses, e.g. a massive
scalar and fermion with masses ms 6= mf .
The natural multiplets to consider in this case are,
1. the vector multiplet with a massless photon and a fermion of mass mf and
2. the scalar multiplet with a massive scalar and massive fermion with respective
masses ms 6= mf .
However there is a subtlety that requires some discussion. In the previous case with
unbroken supersymmetry, the vector multiplet amplitudes only contain a single mass
with which to constrain the coupling function, and while the scalar multiplet contains
two distinct masses, there are well defined massless amplitudes to compare to (after
taking appropriate massless limits), thereby allowing us to derive the correct mass
structure. Breaking supersymmetry, on the other hand, results in even more masses
that could form part of the coupling function. In this case, little group scaling and
dimensional analysis alone are insufficient to constrain the masses.
For example, in the scalar multiplet where only the fermion is massive, according
to the one-massive formula given in Ref. [6], the amplitude MI3[11/2, 20, p±3/2] = 0.
This is due to the requirement that S+h1−h2 and S+h2−h1 must both be positive,
which is clearly not the case if S = 1/2, h1 = 0 and h2 = ±3/2. On the other hand,
the fully massless amplitude does exist and is given by
M3[1−1/2, 20, p−3/2] = κ〈1p〉
2〈2p〉
〈12〉 . (4.1)
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This is obviously not a limit of the one-massive case above, a fact that is also true if
only the scalar is left massive. It seems then that the only consistent way to fix the
mass dependence of the coupling function gi is to demand that every amplitude
has a well defined massless limit and discarding it if it doesn’t. To constrain
such coupling functions, let’s consider the two-massive-one-massless three-particle
amplitude, taking care to retain the gravitino as one of the massive particles. We
will compare this to the amplitude with only the gravitino massive
M{IJK}3 [1−1/2, 20,p3/2] =
κ
m
〈1p〉 〈p| p1|p] (4.2)
since this does recover the massless amplitude in eq. (4.1). Demanding that we
recover this amplitude from the two-massive amplitudes
MI{JKL}3 [11/2, 20,p3/2] =
κ
m
(〈1p〉 〈p| p1|p] + [1p] 〈p| p1|p])
M{JKL}3 [1−1/2, 20,p3/2] =
κ
m
〈1p〉 〈p| p1|p],
(4.3)
constrains the three-massive particle amplitude to the form,
MI{JKL}3 [11/2, 20,p3/2] =
κ
m
(〈1p〉+ [1p]) 〈p| p1|p]. (4.4)
The construction of the four-particle amplitude now mirrors that outlined in the
previous section exactly, with the result that
MI1I34 [11/2, 20, 31/2, 40] =
κ2
6tm2
((〈1| p|3]− 〈3| p|1])(−6m2(2p1 · p3) + 2(2p · p1)2
+ 4m2m2f )− 4mm2f (〈1| p|3] + 〈3| p|1])(2p · p1) (4.5)
+ 4m(〈13〉+ [13])(2p · p1)2) +O(m).
The difference between this expression and (3.23) is that 2p · p1 = m2 +m2f −m2s =
−2p · p3. Correspondingly, the amplitude (4.5) will have terms of order O(m−1)
and therefore has no consistent massless limit. This appears to be an artefact of
constructing massive three-particle amplitudes in this formalism, and specifically
fixing the mass structure of the arbitrary coupling functions. If this inconsistency
were somehow resolved, we would expect the mass factor in the denominator to
have an additive form, m + mf − ms, which would allow the massless limit to
be taken in the four-particle amplitude. That said, it is not clear to us how
such a denominator could arise from a local quantum field theory with polynomial
interactions. For example, an action containing a term of the form ∼ φ/Ψαψα will
have at most a single mass in the denominator coming from the Rarita-Schwinger
polarization. In this sense, a mass dependence of O(m−1) is to be expected and
therefore the formalism does seemingly produce the correct amplitude, but one which
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apparently doesn’t have well defined massless limits. It is entirely plausible that
this problem is cured by a high energy mechanism, e.g. the Higgs, which does
in some circumstances restore the high energy limit via the goldstone equivalence
theorem. The gravitino-goldstino equivalence theorem shows that spontaneously
broken symmetries involving longitudinally polarized gravitinos can have a well
defined high energy behaviour via the goldstone equivalence [114]. However, it is
not clear to us that this will solve all of the issues raised in this section, and is at any
rate beyond the scope of this article and so we leave this investigation to the future.
Amplitudes for the vector multiplet exhibit a similar inconsistency in that the
amplitude with a single massive photino does not reduce to the required massless
limit. Specifically,
MI3[11/2, 2−1, p−3/2] =
κ
mf
〈1p〉 〈p2〉2 (4.6)
cannot reproduce the amplitude M3[1−1/2, 2−1, p−3/2] = 0 in the limit that mf → 0.
Again we turn to the case where the gravitino is the only massive particle to fix the
coupling function. The corresponding amplitude,
M I{JKL}[11/2, 2−1,p3/2] =
κ
m
([1p]〈p2〉2 + 〈1p〉〈p2〉2), (4.7)
correctly reproduces all of the expected three-particle amplitudes in the relevant
limits. From this, and with some straightforward but tedious simplification, we find
the four-particle amplitude
MI1I34 [11/2, 2−1, 31/2, 4−1] =
κ2
3tm2
(〈12〉[34](−m2 −m2f − 3u) + 〈23〉[14](3m2f + 3m2)
+ (〈13〉+ [13]) 〈2| p|4](3mf −m)) 〈2| p|4]. (4.8)
Again there is no consistent massless limit to be taken and a similar argument as in
the scalar multiplet follows. Clearly, this issue requires further analysis.
5 Discussion
Using the recently developed formalism for massive scattering amplitudes, we
have shown in this article that the chiral scalar multiplet and the non-chiral
vector multiplet of massive supergravity both produce discontinuous scattering
amplitudes in the m → 0 limit, reproducing on-shell the field theory result of
[110]. That said, scattering amplitudes themselves are not observables. Indeed,
the primary significance of the original vDVZ discontinuity of massive gravity lies
in the emperical fact that the light bending angle in massive gravity deviates from
observation by a factor of 3
4
, provided the amplitudes are normalised to recover
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Newtonian gravity. This argument is obviously less relevant in the context of
supergravity. However, our results establish the discontinuity at the amplitude level
as an on-shell avatar of the Stu¨ckelberg decomposition.
Let’s unpack this a little, beginning with our results from the supersymmetric case.
In all the diagrams in this article, our conventions are that time moves upwards
and external particles are considered outgoing. This results in a decided difference
in the two amplitudes computed in the supersymmetric vector multiplet. The first
that we computed in (3.9) describes the chiral multiplet. This amplitude does not
have a discontinuity in the massless limit in that M4[1+1/2, 2−1, 3−1/2, 4+1]
∣∣∣∣
m−→0
=
M3/24 [1+1/2, 2−1, 3−1/2, 4+1]
∣∣∣∣
m=0
. The next one that we computed, (3.13) describes
a non-chiral multiplet. This amplitude does indeed exhibit a discontinuity in the
massless limit, M4[1−1/2, 2−1, 3+1/2, 4+1]
∣∣∣∣
m−→0
= 1
3
M1/24 [1−1/2, 2−1, 3+1/2, 4+1]
∣∣∣∣
m=0
4.
Guided by the fact that the field theory is chiral, we need only consider that piece. It
is worth noting that if our only source of information came from on-shell amplitude
methods we would necessarily have to include the non-chiral part, resulting in an
ambiguity in the realization of discontinuity. An interesting problem for the future
would be to understand how to project out the chiral part of the amplitude. Moving
on to the scalar multiplet, we find that
MI1I34 [11/2, 20, 31/2, 40]
∣∣∣∣
m−→0
= M3/24 I1I3[11/2, 20, 31/2, 40]
∣∣∣∣
m=0
+
2
3
M1/24 I1I3 [11/2, 20, 31/2, 40]
∣∣∣∣
m=0
,
manifesting the discontinuity anticipated from the field theory analysis.
Next, we attempted to see the discontinuity with supersymmetry broken, endowing
the external particle species with distinct masses. Sadly, we were unable to express
the relevant four-particle amplitudes in a form in which the massless limit can
be cleanly taken. This is due to how the structure of the coupling functions in
the three-particle amplitudes is determined. Specifically, the amplitudes can be
organised such that they reveal a mass dependence of the order ∼ 1/m and is not
finite in the massless limit while, for all of the massless limits to be well defined, we
require a mass dependence of the form 1/(m + mf − ms). We remain unsatisfied
with this puzzle but leave its resolution for future work. Another noteworthy point
in the non-supersymmetric case is that the vector multiplet amplitude (4.8) contains
4The superscript on the amplitude here denotes the spin of the massless propagator.
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terms that correspond to both the chiral and non-chiral pieces as a result of the now
massive fermion.
The on-shell technology developed in [6] for massive particle scattering is both
conceptually and computationally powerful, but like any new technology, it requires
extensive beta-testing to iron out any bugs. This article details one such test.
We set out to give an on-shell derivation of the spin-3
2
analogue of the famous
vDVZ discontinuity of massive gravity, expecting the calculation to be clean and
unambiguous. We were met with several subtlties, some of which we were able to
resolve and some, like how to treat symmetry breaking and chirality, we remain
puzzled by. Clearly though, there is still much work that remains to be done.
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A Conventions and Notation
In the interests of self-containment, we collect here some of our conventions for
computing massive amplitudes that we use in the main text. Our convention for
massive spinors can be summarized as:
• If no up-down massive spinor index pair is explicit on adjacent massive spinors
they are considered to be contracted.
• For spinor indices we use the lower case Latin alphabet and for little-group
indices we use the upper case Latin alphabet.
• Epsilon conventions and helicity basis:
ǫab =
[
0 −1
1 0
]
, ǫab =
[
0 1
−1 0
]
, ζ−I =
[
1
0
]
, ζ+I =
[
0
1
]
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• Mandelstam variables:
s = −(p1 + p4)2 , u = −(p1 + p3)2 , t = −(p1 + p2)2
• Massless spinor relations:
pab˙ = − |p〉a [p|b˙ , |−p〉 = − |p〉 , | − p] = |p]
• Massive spinor relations:
pab˙ = |p〉aI I [p|b˙ = − |p〉a [p|b˙ − |ηp〉a [ηp|b˙ , p2 = det(pab˙) = −m2p ,
〈pηp〉 = [pηp] = mp 〈p|Ia pab˙ = m[p|b˙I , [p|a˙Ipa˙b = −m 〈p|Ib ,
〈i|pp|j〉 = −m2p〈ij〉 , I〈pp〉J = mǫIJ I [pp]J = −mǫIJ ,
〈ip〉I I〈pj〉 = m〈ij〉 , [ip]I I [pj] = m[ij] , |p〉I J [p| = − |p〉I J [p|
B Some Miscellaneous Identities
• Simplification of the general scalar multiplet amplitude where we symmetrize
over the massive relevant massive indices
〈p{IpJ}〉 = mǫ{IJ} = 0,
〈1| p1p |p〉 = −mfm[1p],
〈p| p1p |1〉 = mmf [1p]− (m2 +m2f −m2s)〈1p〉,
〈p| p1p |p〉 = −m 〈p| p1|p].
(B.1)
• Here are some identities commonly used in the scalar multiplet amplitudes. We
keep the masses of the three particles distinct for clarity. For the terms in the
all massive three-particle amplitude that are not listed here, simply exchange
– 17 –
1⇄ 3 or where relevant complex conjugate.
〈pI | p1|pJ ][pJ |p3|pI ] = −m2(2p1 · p3)
〈pI | p1pp3|pI ] = m2(2p1 · p3) + (2p · p1)(2p · p3)
〈1| pp3pp1p|3] = m2 〈1| pp3p1|3] +m2mf 〈13〉(2p · p1) + 〈1| p|3](2p · p1)(2p · p3)
〈1| pp3pp1 |3〉 = m2 〈1| p3p1 |3〉 −mf 〈3| p|1](2p · p3) + 〈13〉(2p · p3)2
〈1| pp3p1p |3〉 = m2 〈1| p3p1 |3〉 −mf 〈1| p|3](2p · p1) + 〈13〉(2p · p1)2 −mf 〈3| p|1](2p.p1)
〈1| p3pp1p |3〉 = −m2 〈1| p3p1 |3〉+mf 〈1| p|3](2p · p1)− 〈13〉(2p · p1)2
〈1| p3p1p|3] = −m2f 〈3| p|1]−mf [13](2p · p3) + 〈1| p|3](2p1 · p3)
〈1| p3pp1|3] = m2f 〈3| p|1]−mf 〈13〉(2p · p1)− 〈1| p|3](2p1 · p3) +mf [13](2p · p3)
〈1| pp3p1|3] = −m2f 〈3| p|1] +mf 〈13〉(2p · p1) + 〈1| p|3](2p1 · p3)
(B.2)
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